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Abstract
We construct W -types in the category of coalgebras for a cartesian
comonad. It generalizes the constructions of W -types in presheaf toposes
and gluing toposes.
1 Introduction
W -type is an important feature of Martin-Lo¨f’s dependent type theory [Mar82;
NPS90] and allows us to define a wide range of inductive types. Its categorical
counterpart is the initial algebra for a polynomial endofunctor [MP00; GH04].
In this paper we construct W -types in the category of coalgebras for a
cartesian comonad. This is a generalization of the constructions of W -types
in presheaf toposes and Freyd cover given by Moerdijk and Palmgren [MP00]
and gluing ΠW -pretoposes given by van den Berg [Ber06].
In Section 2 we review the notion of W -type. In Section 3 we describe
pushforwards in the category of coalgebras for a cartesian comonad. In Section
4 we show the main theorem (Theorem 35) and give some applications. In
Section 5 we show a technical lemma used in the proof of the main theorem.
2 W -Types in Categories
We review the notions of polynomial, algebra and W -type. First we recall the
notion of algebra for an endofunctor.
Definition 1. Let P : E → E be an endofunctor on a category E . A P -algebra
consists of an object X ∈ E and a morphism sX : PX → X . A morphism
of P -algebras (X, sX) → (Y, sY ) is a morphism h : X → Y in E such that
h ◦ sX = sY ◦ Ph. We shall denote by Alg(P ) the category of P -algebras and
morphisms of P -algebras, and by UP : Alg(P )→ E the obvious forgetful functor.
An initial P -algebra is an initial object in the category Alg(P ).
Definition 2. Let P : E → E and Q : F → F be endofunctors. A lax morphism
P → Q is a pair (H,σ) consisting of a functor H : E → F and a natural
transformation σ : QH ⇒ HP . A strong morphism P → Q is a lax morphism
(H,σ) : P → Q such that σ is an natural isomorphism.
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Proposition 3. Let P : E → E and Q : F → F be endofunctors. A lax
morphism (H,σ) : P → Q induces a functor H˜ : Alg(P ) → Alg(Q) such that
UQH˜ = HUP defined by H˜(X, s) = (HX,Hs ◦ σ(X)).
The following is analogous to the adjoint lifting theorem for (co)algebras for
(co)monads by Johnstone [Joh75] and Keigher [Kei75].
Proposition 4. Let P : E → E and Q : F → F be endofunctors and (H,σ) :
P → Q a strong morphism. Suppose that H has a right adjoint R. Then the
induced functor H˜ : Alg(P )→ Alg(Q) has a right adjoint R˜ : Alg(Q)→ Alg(P )
such that UP R˜ = RUQ.
Proof. Let η and ε denote the unit and counit, respectively, of the adjunction
H ⊣ R. The functor R is part of a lax morphism Q→ P with the mate of σ−1
PR RHPR RQHR RQ.
ηPR Rσ−1R RQε
Hence we have a functor R˜ : Alg(Q) → Alg(P ) such that UP R˜ = RUQ. One
can show that η and ε defines natural transformations 1 ⇒ R˜H˜ and H˜R˜ ⇒ 1
respectively, so R˜ is the right adjoint to H˜ .
W -types are defined as the initial algebras for endofunctors represented by
polynomials.
Notation 5. Let E be a locally cartesian closed category. For a morphism
f : I → J in E , we shall denote by f∗ the pullback functor E/J → E/I, by f! or
ΣEf its left adjoint, and by f∗ or Π
E
f its right adjoint.
E/I E/J
f!
f∗
f∗ f! ⊣ f
∗ ⊣ f∗
We call f∗ the pushforward along f .
For a functor H : E → F and an object I ∈ E , we denote by H/I : E/I →
F/HI the functor (f : X → I) 7→ (Hf : HX → HI).
Definition 6. Let E be a locally cartesian closed category. For objects I, J ∈ E ,
a polynomial from I to J is a triple (f, g, h) of morphisms of the form
I A B J.h
g f
For a polynomial (f, g, h) from I to J , we define a functor Pf,g,h : E/I → E/J
to be f!g∗h
∗. We say a functor P : E/I → E/J is represented by a polyno-
mial (f, g, h) from I to J when P is isomorphic to Pf,g,h. We shall denote
by PolyE(I, J) the class of functors P : E/I → E/J that are represented by
some polynomial from I to J . We often omit the subscript and simply write
Poly(I, J) when the category E is clear from the context.
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Definition 7. Let E be a locally cartesian closed category. For an object I ∈ E ,
an endopolynomial on I is a polynomial of the form
I A B I.h
g f
We say E has W -types or is a locally cartesian closed category with W -types if,
for any endopolynomial (f, g, h) on any object I, there exists an initial Pf,g,h-
algebra.
Remark 8. W -types in this paper are what are called dependent W -types or
indexed W -types in the literature. Gambino and Hyland [GH04] showed that a
locally cartesian closed category has all non-dependent W -types if and only if
it has all dependent W -types. So our terminology “having W -types” coincides
with that of Moerdijk and Palmgren [MP00].
Definition 9. Let E and F be locally cartesian closed categories andH : E → F
a locally cartesian closed functor, namely a functor that preserves finite limits
and pushforwards. By definition, for an endopolynomial (f, g, h) on an object
I ∈ E , the functor H/I : E/I → F/HI is part of a strong morphism Pf,g,h →
PHf,Hg,Hh . Suppose E and F have W -types. We say H preserves W -types if
the induced functor Alg(Pf,g,h) → Alg(PHf,Hg,Hh) preserves initial objects for
any endopolynomial (f, g, h) in E .
By Proposition 4 we have the following.
Proposition 10. Let E and F be locally cartesian closed categories with W -
types and H : E → F a locally cartesian closed functor. If H has a right adjoint,
then H preserves W -types.
The class of functors represented by polynomials is closed under several
constructions.
Proposition 11. Let E be a locally cartesian closed category.
1. For any object I ∈ E, the identity functor E/I → E/I belongs to Poly(I, I).
2. For functors P : E/I → E/J and Q : E/J → E/K, if P belongs to
Poly(I, J) and Q belongs to Poly(J,K), then QP belongs to Poly(I,K).
Proof. The identity functor E/I → E/I is represented by the polynomial (1I , 1I , 1I).
For the composition, see [GK13].
Proposition 12. Let E be a locally cartesian closed category and P : E/I → E/J
a functor. If P belongs to Poly(I, J), then P/K belongs to Poly(K,PK) for
any object K ∈ E/I.
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Proof. Suppose that P is represented by a polynomial I A B J.h
g f
Consider the following diagram,
g∗g∗h
∗K g∗h
∗K PK
K h∗K
I X Y J
g′
ε y
η
∼
h′
x
h g f
where the left and middle squares are pullbacks, ε is the counit of the adjunction
g∗ ⊣ g∗, and η : g∗h
∗K → PK is an isomorphism. Then the functor P/K :
E/K → E/PK is represented by the polynomial (η, g′, h′ε).
We introduce the notion of class of polynomial functors which is a generaliza-
tion of the family of classes of functors (PolyE(I, J))I,J∈E . This generalization
is necessary to apply Theorem 35 on the existence of W -types for a wide range
of categorical constructions (see Section 4.1 and 4.2).
Definition 13. Let E be a locally cartesian closed category with W -types. A
class of polynomial functors consists of a class P(I, J) of functors E/I → E/J
for each pair of objects I, J ∈ E satisfying the following conditions.
1. If P : E/I → E/J belongs to Poly(I, J), then it also belongs to P(I, J).
2. If P : E/I → E/J belongs to P(I, J) and Q : E/J → E/K belongs to
P(J,K), then QP belongs to P(I,K).
3. If P : E/I → E/J belongs to P(I, J) and P ∼= Q, then Q belongs to
P(I, J).
4. If P : E/I → E/J belongs to P(I, J), then P/K : E/K → E/PK belongs
to P(K,PK) for any object K ∈ E/I.
5. For any endofunctor P : E/I → E/I that belongs to P(I, I), there exists
an initial P -algebra.
Example 14. For a locally cartesian closed category E with W -types, the classes
(Poly(I, J))I,J∈E form a class of polynomial functors by Proposition 11 and 12.
Example 15. Let P be a class of polynomial functors on a locally cartesian
closed category E with W -types. For an object K ∈ E and objects I, J ∈ E/K,
we define a class P/K(I, J) of functors (E/K)/I → (E/K)/J to be the class
of functors that belong to P(I, J) under the identification (E/K)/I ∼= E/I and
(E/K)/J ∼= E/J . Then (P/K(I, J))I,J∈E/K form a class of polynomial functors
on E/K.
Remark 16. Clearly PolyE/K ⊂ PolyE/K holds, but PolyE/K ⊂ PolyE/K
need not hold.
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2.1 The Characterization Theorem
In some nice category E , W -types have a nice characterization due to van den
Berg [Ber05]. To achieve this characterization, the category E should be exten-
sive [CLW93].
Definition 17. An extensive category is a category E with finite coproduct
such that, for any objects A,B ∈ E , the coproduct functor
+ : E/A× E/B → E/(A+B)
is an equivalence of categories.
When E is locally cartesian closed, the extensivity of E is equivalent to much
simpler conditions.
Definition 18. Let E be a category with finite coproducts. We say a binary
coproduct A +B in E is disjoint if the inclusions A→ A +B and B → A+ B
are monic and the pullback of these inclusions is the initial object.
Proposition 19. Let E be a locally cartesian closed category with finite coprod-
ucts. The following conditions are equivalent.
1. E is extensive.
2. Binary coproducts in E are disjoint.
3. The binary coproduct 1 + 1 is disjoint.
Proof. It is known that a category with finite coproducts is extensive if and
only if binary coproducts are universal and disjoint [CLW93, Proposition 2.14].
Binary coproducts in a locally cartesian closed category E are always universal
because pullback functors have right adjoints. Hence the conditions 1 and 2 are
equivalent. Trivially 2 implies 3. Suppose that the coproduct 1 + 1 is disjoint.
To show that any binary coproduct A + B is disjoint, it suffices to show that
the pullback of the inclusions A→ A+B and B → A+ B is the initial object
[CLW93, Proposition 2.13] because binary coproducts are universal. Now we
have a morphism A ×A+B B → 1 ×1+1 1 ∼= 0. Since E is cartesian closed, the
initial object is strict [Joh02, A1.5.12]. Hence A×A+BB is the initial object.
Definition 20. Let E be a category. We say an object A ∈ E is well-founded if
any monomorphism X ֌ A into A is an isomorphism.
Definition 21. Let P : E → E be an endofunctor on a category. A fixed point
of P is a P -algebra (X, s) such that s : PX → X is an isomorphism.
Theorem 22 (Characterization Theorem). Let E be an extensive locally carte-
sian closed category with a natural number object and I A B Ih
g f
an endopolynomial in E. For a Pf,g,h-algebra (X, sX), the following conditions
are equivalent.
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1. (X, sX) is an initial Pf,g,h-algebra.
2. (X, sX) is a well-founded fixed point of Pf,g,h, namely a fixed point of
Pf,g,h that is well-founded in the category Alg(Pf,g,h).
Proof. The proof is similar to [Ber05, Theorem 26].
3 Comonads
We review the theory of (cartesian) comonads.
Notation 23. Let G be a comonad on a category E . We will refer to the counit
and comultiplication of G as εG : G ⇒ 1 and δG : G ⇒ GG respectively. We
denote by EG the category of G-coalgebras, by UG : EG → E the forgetful functor
and by FG the right adjoint to UG such that UGFG = G. We will refer to the
unit of the adjunction UG ⊣ FG as ηG : 1⇒ FGUG.
Definition 24. Let E be a cartesian category. A cartesian comonad on E is a
comonad G on E whose underlying functor E → E preserves finite limits.
The following Lemma 25 is well-known.
Lemma 25. Let G be a comonad on a category E.
1. The forgetful functor UG : EG → E creates colimits.
2. If G is cartesian, then UG : EG → E creates finite limits.
Proposition 26. Let G be a cartesian comonad on a cartesian category E. If
E is locally cartesian closed, then so is EG.
Proposition 26 is a well-known fact [Joh02, A4.2.1]. We concretely describe
the construction of pushforward functors.
First we recall the adjoint lifting theorem [Joh75].
Definition 27. Let E and F be categories, G a comonad on E andH a comonad
on F . An oplax morphism G → H consists of a functor S : E → F and a
natural transformation σ : SG⇒ HS satisfying εHS ◦ σ = SεG and δHS ◦ σ =
Hσ ◦ σG ◦ SδG.
Proposition 28. Let E and F be categories, G a comonad on E, H a comonad
on F and S : E → F a functor. A natural transformation σ : SG ⇒ HS
that makes S an oplax morphism G → H bijectively corresponds to a functor
T : EG → FH such that UHT = SUG.
Proposition 29 (Adjoint Lifting Theorem). Let E and F be cartesian cate-
gories, G a cartesian comonad on E, H a cartesian comonad on F and (S, σ) :
G→ H an oplax morphism. Let T : EG → FH denote the corresponding functor
such that UHT = SUG. If S : E → F has a right adjoint R : F → E with unit i
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and counit e, then T has a right adjoint defined by the equalizer of the following
coreflexive pair:
FGRUH FGRHUH FGRUH
ϕ1
ϕ2
FGRεHUH
ϕ1 is the composite
FGRUH FGUGFGRUH = FGGRUH FGRHUH
ηGFGRUH FGσ˜UH
where σ˜ : GR→ RH is the mate of σ, namely the composite
GR RSGR RHSR RH ;iGR RσR RHe
ϕ2 is FGRUHηH : FGRUH → FGRUHFHUH = FGRHUH .
A slice of a category of coalgebras is again a category of coalgebras in the
following sense. Let G be a cartesian comonad on a cartesian category E . For
a G-coalgebra (A,α), we define a functor Gα : E/A→ E/A to be the composite
E/A E/GA E/A.
G/A α∗
One can show that Gα is equipped with a comonad structure. By definition
Gα is cartesian. For a morphism of G-coalgebras f : (A,α) → (B, β), the
canonical natural transformation Gαf
∗ ⇒ f∗Gβ is an isomorphism. The cat-
egory (E/A)Gα of Gα-coalgebras is naturally isomorphic to the slice category
EG/(A,α).
Now we can describe pushforwards in a category of coalgebras. Let f :
(A,α) → (B, β) be a morphism of G-coalgebras. We identify slice categories
EG/(A,α) with (E/A)Gα . By Proposition 29 the pushforward Π
EG
f is the equal-
izer of the following coreflexive pair:
FGβΠ
E
fUGα FGβΠ
E
fGαUGα FGβΠ
E
fGα
ϕ1
ϕ2
FGβΠ
E
f εGαUGα
ϕ1 is the composite
FGβΠ
E
fUGα FGβUGβFGβΠ
E
fUGα = FGβGβΠ
E
fUGα FGβΠ
E
fGαUGα
ηGβFGβΠ
E
fUGα FGβσUGα
where σ : GβΠ
E
f → Π
E
fGα is the mate of the natural isomorphism f
∗Gβ ∼= Gαf
∗;
ϕ2 is FGβΠ
E
fUGαηGα : FGβΠ
E
fUGα → FGβΠ
E
fUGαFGαUGα = FGβΠ
E
fGαUGα .
The following Proposition 30 describes algebras in the category of coalgebras
for a comonad.
Proposition 30. Let G be a comonad on a category E and (P, σ) an oplax
morphism G→ G. Let Q : EG → EG denote the corresponding functor such that
UGQ = PUG. The forgetful functor UG induces a functor Alg(Q) → Alg(P ).
Since (G, σ) is a lax morphism P → P , we have a functor H : Alg(P )→ Alg(P )
defined by H(X, s) = (GX,Gs ◦ σ(X)).
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1. H is part of a comonad on Alg(P ).
2. UPH = GUP and (UP , 1) is an oplax morphism H → G. Now we have a
commutative diagram
EG
Alg(P )H E Alg(Q)
Alg(P )
UG
UH
UQ
UP
3. The category Alg(Q) of Q-algebras is isomorphic over EG ×E Alg(P ) to
the category Alg(P )H of H-coalgebras.
4. For any initial P -algebra (W, s), there exists a unique initial Q-algebra
(W ′, s′) such that UGW
′ =W and UGs
′ = s.
Proof. 1 and 2 are straightforward. To see 3, observe that both a Q-algebra and
a H-coalgebra consist of the following data:
• an object A ∈ E ;
• a morphism α : A→ GA;
• a morphism s : PA→ A
such that α is a G-coalgebra and the following diagram commutes.
PA PGA GPA
A GA
Pα
s
σ(A)
Gs
α
4 follows from 3 and Lemma 25.
Corollary 31. Let G be a cartesian comonad on a cartesian category E with fi-
nite coproducts. Then the forgetful functor UG : EG → E creates natural number
objects.
Proof. By Lemma 25, the diagram
EG EG
E E
1EG+(−)
UG UG
1E+(−)
commutes. Then use Proposition 30.
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4 W -Types in Categories of Coalgebras
We show the main theorem: the existence of W -types in the category of coalge-
bras for a cartesian comonad. We also give some applications of this theorem.
Lemma 32. Let E be an extensive locally cartesian closed category. If E has
W -types, then it has a natural number object.
Proof. Because the natural number object is the initial algebra for the associated
functor of the polynomial
1 0 + 1 1 + 1 1.
Lemma 33. Let G be a cartesian comonad on a locally cartesian closed category
E. If E is an extensive category, then so is EG.
Proof. By Lemma 25, the binary coproduct 1 + 1 in EG is disjoint. Then use
Proposition 19.
Lemma 34. Let E be a locally cartesian closed category, P0, P1 : E → E endo-
functors and ϕ, ψ : P0 ⇒ P1 and ε : P1 ⇒ P0 natural transformations such that
εϕ = εψ = 1. Let ι : P ⇒ P0 denote the equalizer of ϕ and ψ. Suppose that P0
preserves pullbacks and P1 preserves monomorphisms. If P0 and P1 have initial
algebras, then P has a well-founded fixed point.
We will prove Lemma 34 in Section 5.
Theorem 35. Let E be an extensive locally cartesian closed category with W -
types, P a class of polynomial functors on E and G a cartesian comonad on E.
Suppose that the underlying functor E → E of G belongs to P(1, 1). Then the
category EG of G-coalgebras has W -types.
Proof. Let
(I, ι) (A,α) (B, β) (I, ι)h
g f
be an endopolynomial in EG. Since f! preserves equalizers, the endofunctor
Pf,g,h : EG/(I, ι)→ EG/(I, ι) is an equalizer of the form
Pf,g,h P0 P1
ϕ
ψ
where P0 = f!FGβΠ
E
fUGαh
∗ and P1 = f!FGβΠ
E
fGαUGαh
∗, and both ϕ and ψ are
sections of a natural transformation P1 ⇒ P0 (see Section 3). Since the forgetful
functor UG : EG → E creates finite limits, we have P0 = f!FGβΠ
E
fh
∗UGι and
P1 = f!FGβΠ
E
fGαh
∗UGι . We define Q0 : E/I → E/I to be f!GβΠ
E
fh
∗ and Q1 :
E/I → E/I to be f!GβΠ
E
fGαh
∗. Then we have UGιP0 = UGιf!FGβΠ
E
fh
∗UGι =
f!UβFGβΠ
E
fh
∗UGι = f!GβΠ
E
fh
∗UGι = Q0UGι and similarly UGιP1 = Q1UGι .
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Since Q0 and Q1 belong to P(I, I) by construction, they have initial algebras,
and so do P0 and P1 by Proposition 30. By construction P0 and P1 preserve
pullbacks, and thus there exists a well-founded fixed point (W, s) of Pf,g,h by
Lemma 34. By Theorem 22 (W, s) is an initial Pf,g,h-algebra, because EG has
a natural number object by Lemma 32 and Corollary 31 and is extensive by
Lemma 33.
4.1 Application: Internal Diagrams
Let C be an internal category in a locally cartesian closed category E . We denote
by ∂0 and ∂1 the domain and codomain morphisms C1 C0 respectively.
The category EC of internal diagrams on C is isomorphic to the category of
coalgebras for the cartesian comonad
E/C0 E/C1 E/C0
∂∗
1 (∂0)∗
on E/C0. It is known that the diagonal functor ∆ : E → E
C is a locally cartesian
closed functor.
Corollary 36. Let E be an extensive locally cartesian closed category and C
an internal category in E. If E has W -types, then so does the category EC of
internal diagrams on C. Moreover, the diagonal functor ∆ : E → EC preserves
W -types.
Proof. Apply Theorem 35 with P = PolyE/C0. The preservation of W -types
follows from Proposition 10 because ∆ has a right adjoint.
4.2 Application: Gluing
Let H : E1 → E2 be a cartesian functor between locally cartesian closed cat-
egories. Since the comma category (E2 ↓ H) is isomorphic to the category of
coalgebras for the cartesian comonad (X1, X2) 7→ (X1, HX1×X2) on E1×E2, it
is locally cartesian closed. From the construction of pushforwards described in
Section 3 we know that the projection pi1 : (E2 ↓ H)→ E1 is a locally cartesian
closed functor.
Corollary 37. Let H : E1 → E2 be a cartesian functor between extensive locally
cartesian closed categories. If E1 and E2 have W -types, then so does (E2 ↓ H).
Moreover, the projection pi1 : (E2 ↓ H)→ E1 preserves W -types.
To show Corollary 37, we define an appropriate class of polynomial functors
on E1 × E2.
Definition 38. Let E1 and E2 be locally cartesian closed categories with W -
types and P1 and P2 classes of polynomial functors on E1 and E2 respectively.
For objects (I1, I2), (J1, J2) ∈ E1×E2, we define a classP1⋊P2((I1, I2), (J1, J2))
of functors (E1×E2)/(I1, I2) ∼= E1/I1×E2/I2 → E1/J1×E2/J2 ∼= (E1×E2)/(J1, J2)
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to be the class of functors of the form (F1 ◦pi1, F2) with F1 : E1/I1 → E1/J1 and
F2 : E1/I1 × E2/I2 → E2/J2 such that F1 belongs to P1(I1, J1) and F2(K,−)
belongs to P2(I2, J2) for every K ∈ E1/I1.
Proposition 39. For classes P1 and P2 of polynomial functors on locally
cartesian closed categories with W -types E1 and E2 respectively, P1 ⋊P2 is a
class of polynomial functors on E1 × E2.
Proof. A functor of the form F1×F2 with F1 ∈ P1(I1, J1) and F2 ∈ P2(I2, J2)
belongs to P1 ⋊P2((I1, I2), (J1, J2)), and thus PolyE1×E2((I1, I2), (J1, J2)) ⊂
P1 ⋊ P2. It is also clear that P1 ⋊ P2 is closed under isomorphism. To
see that it is closed under composition, let F1 : E1/I1 → E1/J1, F2 : E1/I1 ×
E2/I2 → E2/J2, G1 : E1/J1 → E1/K1 and G2 : E1/J1 × E2/J2 → E2/K2 be
functors such that F1 ∈ P1(I1, J1)), G1 ∈ P1(J1,K1), F2(X1,−) ∈ P2(I2, J2)
and G2(Y1,−) ∈ P2(J2,K2) for any X1 ∈ E1/I1 and Y1 ∈ E1/J1. Then we
have (G1pi1, G2) ◦ (F1pi1, F2) = (G1F1pi1, G2(F1pi1, F2)) and G1F1 ∈ P1(I1,K1)
and G2(F1pi1, F2)(X1,−) = G2(F1(X1),−) ◦ F2(X1,−) ∈ P2(I2,K2) for any
X1 ∈ E1/I1.
To show that P1 ⋊P2 is closed under slice, let F1 : E1/I1 → E1/J1 and
F2 : E1/I1 × E2/I2 → E2/J2 be functors and (K1,K2) ∈ E1/I1 × E2/I2 objects
such that F1 ∈ P1(I1, J1) and F2(X1,−) ∈ P2(I2, J2) for any X1 ∈ E1/I1.
Then we have (F1pi1, F2)/(K1,K2) = ((F1/K1)pi1, F2/(K1,K2)) and F1/K1 ∈
P1(K1, FK1). We also have (F2/(K1,K2))(X1,−) ∈ P2(K2, F2(K1,K2)) for
any X1 ∈ E1/K1 because it is the composite
E1/K1 E2/F2(X1,K2) E2/F2(K1,K2).
F2(X1,−)/K2 (X1)!
Finally we show the existence of initial algebras. Let F1 : E1/I1 → E1/I1
and F2 : E1/I1 × E2/I2 → E2/I2 be functors such that F1 ∈ P1(I1, I1) and
F2(X1,−) ∈ P2(I2, I2) for any X1 ∈ E1/I1. Let (W1, s1) be the initial F1-
algebra and (W2, s2) the initial F2(W1,−)-algebra. Then the object (W1,W2) ∈
E1/I1×E2/I2 and the morphism (s1, s2) : (F1W1, F2(W1,W2))→ (W1,W2) form
a (F1pi1, F2)-algebra. Let (t1, t2) : (F1X1, F2(X1, X2)) → (X1, X2) be another
(F1pi1, F2)-algebra. A morphism ((W1,W2), (s1, s2)) → ((X1, X2), (t1, t2)) of
(F1pi1, F2)-algebras consists of a morphism h1 : W1 → X1 and h2 : W2 → X2
such that h1◦s1 = t1◦F1h1 and h2◦s2 = t2◦F2(h1, h2). The second condition is
equivalent to that h2 is a morphism of F2(W1,−)-algebras (W2, s2)→ (X2, t2 ◦
F2(h1, X2)). Hence, there exists a unique pair of morphisms (h1, h2) satisfying
these conditions by the initiality of (W1, s1) and (W2, s2).
Proof of Corollary 37. Apply Theorem 35 with P = PolyE1 ⋊ PolyE2 . The
preservation of W -types follows from Proposition 10 because pi1 has a right
adjoint.
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5 Algebras for the Equalizer of a Coreflexive
Pair
In this section we prove Lemma 34: the existence of a well-founded fixed point
for an endofunctor defined as the equalizer of a coreflexive pair.
Lemma 40. Suppose that we are given the following commutative diagram in
a cartesian category
X Y Z
A B C
u
v
p q
f
g
where A is the equalizer of f and g, X is the equalizer of u and v, and q is a
monomorphism. Then the induced morphism X → A is the pullback of p along
A→ B.
Proof. For a morphism h :W → Y , the following conditions are equivalent.
• h factors through X
• uh = vh
• quh = qvh
• fph = gph
• ph factors through A
Proof of Lemma 34. Let s0 : P0W0 → W0 and s1 : P1W1 → W1 be initial
P0- and P1-algebras respectively. By the initiality of W0 and W1, we have
morphisms u, v : W0 → W1 and e : W1 → W0 such that u ◦ s0 = s1 ◦ ϕ ◦ P0u,
v ◦ s0 = s1 ◦ ψ ◦ P0v, e ◦ s1 = s0 ◦ ε ◦ P1e and eu = ev = 1. Let i :W →W0 be
the equalizer of u and v. Consider the diagram
PW P0W P1W
PW0 P0W0 P1W0
PW1 P0W1 P1W1
ι(W )
Pi
ϕ(W )
ψ(W )
P0i P1i
ι(W0)
PuPv
ϕ(W0)
ψ(W0)
P0uP0v P1uP1v
ι(W1)
ϕ(W1)
ψ(W1)
where all rows are equalizers. Since P1 preserves monomorphisms, PW is the
pullback of PW0 along P0i : P0W → P0W0 by Lemma 40 . P0 also preserves
monomorphisms because it preserves pullbacks. Therefore PW is the intersec-
tion of PW0 and P0W in the poset of subobjects of P0W0. For a morphism
f : Z → P0W0, the following conditions are equivalent.
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1. f factors through PW .
2. ϕ(W0) ◦ f = ψ(W0) ◦ f and P0u ◦ f = P0v ◦ f .
3. P1u ◦ ϕ(W0) ◦ f = P1v ◦ ψ(W0) ◦ f .
4. ϕ(W1) ◦ P0u ◦ f = ψ(W1) ◦ P0v ◦ f .
The conditions 1 and 2 are equivalent by definition. The conditions 3 and 4 are
equivalent by the naturality of ϕ and ψ. From 2, we have 3 as P1u◦ϕ(W0)◦f =
P1u ◦ψ(W0)◦ f = ψ(W1)◦P0u ◦ f = ψ(W1)◦P0v ◦ f = P1v ◦ψ(W0)◦ f . 3 and 4
imply 2 because eu = ev = 1 and εϕ = εψ = 1. Hence, PW is also an equalizer
of ϕ(W1) ◦ P0u and ψ(W1) ◦ P0v. In the following diagram,
PW P0W0 P1W1
W W0 W1
s
ϕ(W1)◦P0u
ψ(W1)◦P0v
s0 s1
i
u
v
all rows are equalizers and s0 and s1 are isomorphisms, and thus the morphism
PW →W0 factors as i ◦ s with an isomorphism s : PW →W .
We show that (W, s) is a well-founded P -algebra. Let (X, t : PX → X) be a
P -algebra and j : X ֌W a monomorphism that is a morphism of P -algebras.
Let X0 denote the pushforward i∗X . Since i is a monomorphism, we have a
pullback
X X0
W W0.i
Hence, it suffices to show that the monomorphism X0 →W0 is an isomorphism.
To prove this, it is enough to see that X0 carries a P0-algebra structure over
s0 : P0W0 → W0, that is, the composite P0X0 P0W0 W0
s0 factors
through X0 ֌W0.
P0X0 X0
P0W0 W0s0
Since X0 = i∗X and i
∗P0W0 ∼= PW , it is equivalent to that the composite
i∗P0X0 i
∗P0W0 ∼= PW W
s factors through X ֌ W . Since X has a
P -algebra structure over s : PW → W , it suffices to show that i∗P0X0 → PW
factors through PX ֌ PW . Now P is the equalizer of ϕ, ψ : P0 ⇒ P1 and
P1X → P1W is a monomorphism, and thus the square
PX P0X
PW P0W
ι(W )
is a pullback by Lemma 40. Hence, to show that i∗P0X0 → PW factors through
PX , it suffices to show that the composite i∗P0X0 PW P0W
ι(W )
fac-
tors through P0X . Since P0 preserves pullbacks, we have a pullback
P0X P0X0
P0W P0W0,P0i
and thus it is enough to show that the composite i∗P0X0 PW P0W P0W0
ι(W ) P0i
factors through P0X0 → P0W0. But this is true because i
∗P0X0 is the pullback
i∗P0X0 P0X0
PW PW0 P0W0Pi ι(W0)
and ι(W0) ◦ Pi = P0i ◦ ι(W ) by the naturality of ι.
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